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Abstract. The quasi-particle model of the quark–gluon plasma (QGP) is revisited here with a new method,
different from earlier studies, one without the need of a temperature dependent bag constant and other
effects such as confinement, effective degrees of freedom etc. Our model has only one system dependent pa-
rameter and shows a surprisingly good fit to the lattice results for the gluon plasma, and for 2-flavor, 3-flavor
and (2+1)-flavor QGP. The basic idea is first to evaluate the energy density ε from the grand partition func-
tion of quasi-particle QGP, and then derive all other thermodynamic functions from ε. Quasi-particles are
assumed to have a temperature dependent mass equal to the plasma frequency. Energy density, pressure and
speed of sound at zero chemical potential are evaluated and compared with the available lattice data. We
further extend the model to a finite chemical potential, without any new parameters, to obtain the quark
density, quark susceptibility etc., and the model fits very well with the lattice results on 2-flavor QGP.

PACS. 12.38.Mh; 12.38.Gc; 05.70.Ce; 52.25.Kn

1 Introduction

The non-ideal behavior of QGP seen in lattice simula-
tions [1–5] of QCD, and the elliptical flow observed in rel-
ativistic heavy ion collisions (RHICs) led to a hot debate
on the nature of QGP near the critical temperature, Tc [6].
Various models such as

(a) QGP with confinement effects,
(b) strongly interacting QGP (sQGP),
(c) strongly coupled quark–gluon plasma (SCQGP), and
(d) quasi-particle QGP (qQGP).

In model (a), confinement effects like the bag con-
stant [7, 8], the Cornell potential [9] etc. are assumed to
give rise to the non-ideal behavior of QGP. In (b) [10],
the effects of the bound states of colorless as well as col-
ored hadron resonances are assumed to be responsible. In
(c) [11, 12], it is assumed that QGP near Tc is what is
called a strongly coupled plasma (SCP) and the equation
of state (EoS) of SCP in QED with proper modifications
for QCD fits very well with the lattice data. In (d), QGP is
made up of quasi-particles with a temperature dependent
mass [13, 14]. Different varieties of qQGP were proposed in
order to make the theory thermodynamically consistent as
well as consistent with perturbative and non-perturbative
calculations of QCD [15, 16].
Here we revisit qQGP with a new method, which in-

volves a smaller number of parameters, to derive the EoS
of QGP, first at zero chemical potential µ. Here by µ is
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meant the chemical potential of the quark, which is one
third of the baryon chemical potential. We start from the
energy density, rather than the pressure as done earlier,
and we derive various thermodynamic properties by fixing
the parameters of the model. Further we extend the model
to include a finite chemical potential and obtain the quark
density (nq), the change in pressure (∆P ) due to the finite
µ and the quark susceptibility for 2-flavor QGP.

2 Phenomenological model

The basic assumption in this model is that the thermal
properties of QGP may be explained by the properties of
the thermal excitations of the interacting quarks and glu-
ons in QGP, which are called quasi-particles. We know
from the quasi-particle description of vibrations in solids
due to the interactions between atoms, known as the prob-
lem of the specific heat in solids, that classical vibrations
or waves obeying a certain dispersion relation are quan-
tized to give elementary excitations or quasi-particles like
phonons [17]. Then the thermodynamics of such a sys-
tem of quasi-particles is studied using the classical disper-
sion relation, and it fits well with the experimental results.
Similarly, here we assume that QGP at finite tempera-
ture is pictured as a system of free quasi-particles with the
quantum numbers of the quarks and gluons with thermal
masses. The thermal mass arises because of the collective
effects of the plasma, and hence we take it to be equal to
the plasma frequency, ωp. We assume the simple dispersion
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relation ω2 = k2+ω2p. In the case of systems with massive
quarks, like in (2+1)-flavorQGP, the rest mass needs to be
included, as will be discussed at the end of the Sect. 3.
Following the standard procedure of statistical mechan-

ics [17], the grand partition function is given by

QG =
∑

s,r

e−βEr−αNs , (1)

where the sum is over the energy states Er and the par-
ticle number states Ns. α and β are defined as α ≡−µ/T
and β ≡ 1/T . Now we assume that QGP is made up of
non-interacting quasi-partons, and, on taking the thermo-
dynamic limit, we get

q ≡ lnQG =∓
∞∑

k=0

ln(1∓ ze−βεk) , (2)

where q is called the q-potential, and ∓ is for bosons and
fermions. z ≡ eµ/T = e−α is called the fugacity. εk is the
single particle energy, given by

εk =
√
k2+m2(T, µ) ,

where k is the momentum and m is the mass, which is
equal to ωp. εk, obtained from the simple dispersion re-
lation discussed earlier, is an approximation of an exact
dispersion relation, as discussed in [18]. A similar approx-
imate relation is also used in the study of thermodynamics
of the ultra-relativistic (e, e+, γ) system [19, 20] with an
estimated error of less than 3%. The main effects of the
interaction of bare partons, namely collective effects, are
taken into a (T , µ) dependent mass term, and we treat
them as non-interacting quasi-partons. With this assump-
tion, the average energy U , by definition, is given by

U ≡ 〈Er〉=

∑
s,r Ere

−βEr−αNs

QG
, (3)

which may be further simplified as

=−

∑
s,r

(
∂
∂β e

−βEr−αNs
)

α,V,m

QG
=−

(
∂

∂β
lnQG

)

α,V,m

,

(4)

where Er ≡
∑
k εk nk+E0 for the many particle energy

state. E0 is the vacuum energy, which we neglect as an ap-
proximation without any TD inconsistency, as will be dis-
cussed later. In quasi-particle models Er depends on T and
µ because of the thermal massm. Next, on substituting for
lnQG from (2) and on performing a partial differentiation,
we get

U =
∑

k

zεke
−βεk

1∓ ze−βεk
. (5)

Now, on taking the continuum limit and after some alge-
bra, we get

ε=
gfT

4

2π2

∞∑

l=1

(±1)l−1zl
1

l4

×

[(
ml

T

)3
K1

(
ml

T

)
+3

(
ml

T

)2
K2

(
ml

T

)]
,

(6)

where gf is the degeneracy, equal to gg ≡ 16 for gluons and
equal to 12nf for quarks. nf is the number of flavors. K1
and K2 are modified Bessel functions of order 1 and 2 re-
spectively. The above equations, (5) and (6), are the same
as in [21] for the energy density, except for the vacuum en-
ergy term, B(T ).

3 Thermodynamics (ε, P , C2s ) of QGP
with zero µ

Let us first consider the EoS of QGP with zero chemical
potential and take z = 1. Hence we get the energy density,
which, expressed in terms of e(T ) ≡ ε/εs, for the quark–
gluon plasma of quasi-partons is

e(T ) =
15

π4
1(

gg+
21
2 nf
)
∞∑

l=1

1

l4

(
gg

[(
mgl

T

)3
K1

(
mgl

T

)

+3

(
mgl

T

)2
K2

(
mg l

T

)]
+12nf(−1)

l−1

×

[(
mql

T

)3
K1

(
mql

T

)
+3

(
mql

T

)2
K2

(
mql

T

)])
,

(7)

where εs is the Stefan–Boltzmann gas limit of QGP, which
may be obtained by taking the high temperature limits
of (6) for gluons and quarks separately and adding them.
mg is the temperature dependent gluon mass, which is

equal to the plasma frequency, i.e, m2g = ω
2
p =

g2T2

18 (2Nc+
nf ). This is obtained from finite temperature perturba-
tive calculations [18, 22]. Note that both gluons and quarks
contribute to the gluon mass. However, in the case of
mq, the temperature dependent mass of the quarks, we

take m2q =
g2T2

18 nf and no contribution from the gluons
(Nc = 0). This is our assumption that the quasi-quarks are
the thermal excitations of plasma collective modes due to
quarks only, with different flavors nf . g

2 is related to the
two-loop order running coupling constant, given by

αs(T )≡
g2

4π
=

6π

(33−2nf) ln(T/ΛT )

×

(
1−
3(153−19nf)

(33−2nf)2
ln(2 ln(T/ΛT ))

ln(T/ΛT )

)
, (8)

where ΛT is a parameter related to the QCD scale param-
eter. This choice of αs(T ) is motivated by lattice simula-
tions. With these values of the masses, with the above αs,
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we can evaluate the e(T ) from (6). Note that the only tem-
perature dependence in e(T ) comes from αs(T ), which has
the same form as that of lattice simulations [1, 2] with ΛT
as a free parameter. The pressure can be calculated from
the thermodynamic relation,

ε= T
∂P

∂T
−P , (9)

and we get

P

T
=
P0

T0
+

∫ T

T0

dT
ε(T )

T 2
, (10)

where P0 and T0 are the pressure and temperature at some
reference points.
Note that the standard relation of pressure and q-

potential is not valid here because of the temperature de-
pendent εk. We can rederive it using the same procedure as
used by Pathria [17], as follows (more details are in [23]):

δq =
1

QG

[
∑

r,s

e−β(Er−µNs) (−Erδβ−βδEr+Nsδ(βµ))

]

(11)

PV

T
= q+

∫
dββ
∂m

∂β

〈
∂Er

∂m

〉

PV

T
=∓

∞∑

k=0

ln
(
1∓ ze−βεk

)
+F (T )V . (12)

Therefore, the standard relation of pressure and q-potential
is not thermodynamically consistent here. One needs an
extra term because of the temperature dependent mass. In
fact this extra term removes the thermodynamic inconsis-
tency of the original qQGP model, which was first noticed
by Gorenstein and Yang [21]. They found that, with the
standard relation of pressure and q-potential, the thermo-
dynamic relation, (9), is not obeyed with the temperature
dependent mass. However, with the extra term we get from
(12)

∂P

∂T
=
P

T
+
ε

T
−
1

V

〈
∂εk

∂T

〉
+
1

V

〈
∂Er

∂T

〉
, (13)

where the last two terms exactly cancel (following the trick
used in deriving (5)), and hence the thermodynamic rela-
tion, (9), is obeyed. Note that Gorenstein and Yang refor-
mulated the statistical mechanics to solve it [14, 21], which
is not necessary as we have shown here. Of course, we have
not included the vacuum energy contribution here. A simi-
lar TD consistent analysis with vacuum energy is reported
in [23].
However, we follow the standard statistical mechanics

and thermodynamics and avoid using (12), and instead we
use (10) to evaluate the pressure. Once we know P and ε,

c2s =
∂P
∂ε
can be evaluated.

Let us now reformulate the above discussion for QGP
with massive quarks, like the (2+1)-flavor system of [5]. It
is a QGPwith two light quarks (u) and one heavy quark (s)
along with gluons. Hence we get the result that the energy

density, expressed in terms of e(T )≡ ε/εs, for the quark–
gluon plasma of quasi-partons is

e(T ) =
15

π4
1(

gg+
21
2 n
eff
f

)
∞∑

l=1

1

l4

×

(
gg

[(
mgl

T

)3
K1

(
mgl

T

)
+3

(
mgl

T

)2
K2

(
mgl

T

)]

+24(−1)l−1

×

[(
mul

T

)3
K1

(
mul

T

)
+3

(
mul

T

)2
K2

(
mul

T

)]

+12(−1)l−1

×

[(
msl

T

)3
K1

(
msl

T

)
+3

(
msl

T

)2
K2

(
msl

T

)])
,

(14)

where mg, mu, ms are the masses of gluon, up quark and
strange quark, respectively, including both the rest mass
and the thermal mass. nefff is the effective number of flavors
and is not equal to 3 because of the finite rest masses of the
quarks [5]. The masses of the quarks are modified as

m2q =m
2
q0+
√
2mq0mth+m

2
th , (15)

following the idea used in other qQGP models for a system
with finite quark masses. But the difference is that ourmth
is equal to the plasma frequency due to quarks alone. That

is, m2th = ω
2
p =

g2T2

18 nf . mq0 is the rest mass of the up or
strange quark. g2 in the thermal masses is related to the
two-loop order running coupling constant, as before.
In summary, our phenomenological model of qQGP dif-

fers from the other ones in its formalism, the model for
the thermal masses, the model for αs(T ), the number of
adjustable parameters and there being no TD inconsis-
tency or TD consistency relation. It is remarkable that
this model, with a single system dependent parameter, ex-
plains many lattice results of the Bielefeld group [1–5, 24],
as shown here, as well the lattice results of Fodor et al. [25],
as shown in [26].

4 Thermodynamics (nq, ∆P , χq) of QGP
with finite µ

Recently, there have been a lot of attempts to simulate
QCD with finite µ on the lattice, and results are reported
in [25, 27] etc. Here we consider the recent results of Allton
et al. [27] for 2-flavor QGP and try to extend our model to
finite µ and explain their results. Again using the standard
procedure of statistical mechanics, we have

〈N〉=

∑
s,r Nse

−βEr−αNs

QG

=−

∑
s,r

(
∂
∂αe

−βEr−αNs
)
β,V,m

QG
, (16)
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which, on further simplification, gives

=−

(
∂

∂α
lnQG

)

β,V,m

= z

(
∂

∂z
lnQG

)

β,V,m

=
∑

k

ze−βεk

1∓ ze−βεk
. (17)

In the continuum limit and after some algebra, the above
reduces to

nq

T 3
=
12

π2

∞∑

l=1

(−1)l−1
1

l3

[(
mql

T

)2
K2

(
mql

T

)
sinh

(
µl

T

)]
.

(18)

Now we modify the earlierm2q(T ) tom
2
q(T, µ) as follows:

m2q(T, µ) =
g2T 2

18
nf

(
1+

µ

π2T 2

)
, (19)

inspired by QCD perturbative calculations [28]. In our case
nf = 2, and g

2 is related to the two-loop order running
coupling constant, discussed earlier, but it needs to be
modified to take account of the finite µ. Following the work
of Schneider [29] and Letessier and Rafelski [30], we now
change T/ΛT in (8) to

T

ΛT

√
1+a

µ2

T 2
, (20)

where a is equal to (1.91/2.91)2 in the calculation of
Schneider for µ/T ≤ 1 and 1/π2 in the phenomenological
model of Letessier and Rafelski.
From nq, we may obtain other thermodynamic quanti-

ties, like

∆P ≡ P (T, µ)−P (T, 0) =

∫ µ

0

nq dµ (21)

and

χq =
∂nq

∂µ
|µ=0 . (22)

5 Results

It is interesting to see that this simple model very nicely
fits the lattice data [1–5] on all four systems, namely, the
gluon plasma, and 2-flavor, 3-flavor and (2+1)-flavor QGP
in the case of a zero chemical potential. In Fig. 1, we plot-
ted P (T )/T 4 versus T for pure gauge, 2-flavor, 3-flavor
and (2+1)-flavor QGP, along with the lattice results. Note
that, in the case of flavored QGP, since there is (10%±
5%) uncertainty in the P data [5], on taking the continuum
limit with massless quarks, we multiply the lattice data by
the factor 1.1 and then made the plot. For each system, the
ΛT are adjusted, so that we get a good fit to the lattice
results. We have fixed P0 from the lattice data at the criti-
cal temperature Tc for each system. A surprisingly good fit

Fig. 1. Plots of P/T 4 as a function of T from our model and
lattice results (symbols) for pure gauge, 2-flavor, (2+1)-flavor
and 3-flavor QGP

Fig. 2. Plots of ε/T 4 as a function of T/Tc from our model and
lattice results (symbols) for pure gauge, 2-flavor, (2+1)-flavor
and 3-flavor QGP

is obtained for all systems with ΛT /Tc equal to 0.65, 0.7,
0.5 and 0.5 for the gluon plasma, and 2-flavor, 3-flavor and
(2+1)-flavor QGP, respectively.We have taken nf equal to
0, 2 and 3, respectively, for our four systems. In the case
of (2+1)-flavor QGP [5], nefff = (2×0.9672+1×0.8275),
and the rest masses aremuo/T = .4,mso/T = 1.
Once P (T ) is obtained, the other macroscopic quanti-

ties may be derived from P (T ), and no other parameters
are needed. In Fig. 2, we plotted ε/T 4 versus T/Tc for all
four systems along with the lattice results [24], and it fits
well, without any extra parameters. All the four curves
look similar, but there are shifts to the left as the flavor
content increases. We have taken Tc equal to 275, 175,
155 and 175MeV respectively for the gluon plasma, and
2-flavor, 3-flavor and (2+1)-flavor QGP.
In Fig. 3, c2s is plotted for three systems with massless

quarks, again with the lattice results for the gluon plasma.
A reasonably good fit for the gluon plasma and our mod-
el’s outcome for the flavored QGP is obtained. All three
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Fig. 3. Plots of c2s as a function of T/Tc from our model for
pure gauge (lower curve), 2-flavor QGP (middle curve) and
3-flavor QGP (upper curve) and also with lattice data for pure
gauge

Fig. 4. Plots of nq/T
3 as a function of T/Tc from our model of

2-flavor QGP and also with lattice data (symbols) [27]

curves have a similar behavior, i.e, a sharp rise near Tc and
then flattening to a value close to 1/3. c2s is larger for larger
flavor content. For 2-flavor QGP, it almost coincides with
that of the gluon plasma.
In Fig. 4, nq/T

3 is plotted for 2-flavor QGP and com-
pared with recent lattice data without any new parame-
ters. The only parameter needed is ΛT , which has been
fixed by the results of QGP with zero µ before. For differ-
ent values of µ/Tc, all curves have a similar behavior and
very nicely fit with the lattice points for T ≥ 1.2Tc. Note
that this result is for a= (1.91/2.91)2 [29] in (20). For the
other value, a= 1/π2 [30], the results are not satisfactory,
even though both results coincide for T > 1.5Tc.
∆P/T 4 and χq/T

2 are plotted in Figs. 5 and 6 and
again fit with the lattice results. Note that, also in the case
of finite µ, we multiply the lattice data by a factor 1.1 as we
did for the µ= 0 case.
Very close to T = Tc, i.e., T < 1.2Tc, the results of our

model are not good, especially for ε, c2s , nq etc. Probably,

Fig. 5. Plots of ∆P/T 4 as a function of T/Tc from our model
of 2-flavor QGP and also with lattice data (symbols)

Fig. 6. Plots of χq/T
2 as a function of T/Tc from our model of

2-flavor QGP and also with lattice data (symbols)

by including the “zero-mode” energy (the energy in the ab-
sence of quasi-particles), which may contribute a term like
the B(T, µ) of the other qQGP models to the pressure and
energy density, in a thermodynamically consistent way, we
may improve our results. Further, the lattice data also have
large error bars very close to Tc. However, except for a
small region at T = Tc, our results are very good for all re-
gions of T > Tc. For T < Tc, our model is not applicable
anyway, because the system may not be in a plasma state.

6 Conclusions

We revisited the quasi-particle picture of QGP with a new
method with less parameters. By this method we derive
the energy density ε(T ) first and not P (T ) as done earlier,
and only then we derive P (T ), c2s etc. QGP is assumed to
consist of non-interacting quasi-partons with temperature
and chemical potential dependent masses. The interactions
among bare partons lead to collective effects in QGP, which



634 V.M. Bannur: Revisiting the quasi-particle model of the quark–gluon plasma

leads to quasi-particles, having the quantum numbers of
gluons and quarks, with their masses equal to the plasma
frequencies. The plasma frequency depends on the running
coupling constant, and we used the 2-loop order αs(T, µ),
which is similar to that of lattice simulations, with one pa-
rameter related to the QCD scale parameter. The thermo-
dynamic properties of QGP depends on this parameter. To
get the pressure, we need one integration constant, which
we fix to the lattice point at Tc. It is not a parameter of the
model, because one may as well fix it at T =∞, where the
pressure must go to the Stefan–Boltzmann limit. In numer-
ical calculations it is difficult to take this limit. The param-
eters of our model are different for different systems, like
the gluon plasma, and 2-flavor and 3-flavor QGP etc. Using
one system dependent parameter, a very good fit to the lat-
tice results was obtained for energy density, pressure, speed
of sound, quark density, quark susceptibility etc. No other
effects, like a temperature dependent bag pressure, confine-
ment effects, effective degrees of freedom etc., were needed
to fit the lattice results. In comparison with other models
that generally use more than two system dependent param-
eters, here, just with one system dependent parameter and
using αs(T, µ), inspired by the lattice simulation of QCD,
we can fit the lattice results very nicely. Hence the non-ideal
effects seen in lattice simulations of QCDmay be related to
collective behavior of QGP. Recently, a very good fit to the
lattice results on theEoSofQGPhas also been obtained [12]
by treating QGP as SCQGP, and again the nature of the
EoS is determined by a plasma parameter that depends on
the collective properties of the plasma.
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ICPAQGP at Kolkata, India, which inspired me to present this
result.
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